Modified trace from pivotal Hopf $G$-coalgebra by Ha, Ngoc-Phu
MODIFIED TRACE FROM PIVOTAL HOPF
G-COALGEBRA
NGOC PHU HA
Abstract. In a recent paper the authors Beliakova, Blanchet and
Gainutdinov have shown that the modified trace on the category
H-pmod of the projective modules corresponds to the symmetrised
integral on the finite dimensional pivotal Hopf algebra H. We gen-
eralize this fact to the context of G-graded categories and Hopf
G-coalgebra studied by Turaev-Virelizier. We show that the sym-
metrised G-integral on a finite type pivotal Hopf G-coalgebra in-
duces a modified trace in the associated G-graded category.
MSC: 57M27, 17B37
Key words: modified trace, G-integral, symmetrised G-integral, piv-
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1. Introduction
The notion of a modified trace was introduced by N. Geer, J. Kujawa
and B. Patureau-Mirand in the article [7]. This is one of the topological
tools which can be used first to renormalize the Reshetikhin-Turaev
invariant of links. Later F. Costantino, N. Geer and B. Patureau-
Mirand used the modified trace to construct a class of invariants of 3-
manifolds (CGP invariant) via link surgery presentations (see [4]). The
modified trace is also used to construct invariants of 3-manifolds of type
Reshetikhin-Turaev from quantum group associated to the super Lie
algebra sl(2|1) (see [9]) and for constructing the logarithmic invariant of
type Hennings (see [2]). In order to construct invariant of 3-manifolds,
Hennings proposed a method based on the theory of integral for a
finite dimensional Hopf algebra (see [10]). The notion of integral was
introduced by Larson and Sweedler in [12] and is studied in the book
[14] of Radford. It is known that under some assumption, both the
space of modified trace and that of integral are one dimensional (see
[6, 14]). A close relation between the modified trace and the integral has
been established recently in [1]. The authors proved that a symmetrised
integral for a finite dimensional pivotal Hopf algebra gives a modified
trace t on H-pmod with an explicit formula. We would like to adapt
these results to the unrestricted quantum groups at root of unity. They
are infinite dimensional Hopf algebra but can be understood as a Hopf
G-coalgebra organized into a bundles of algebra over a Lie group. For
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a finite type Hopf G-coalgebra H = (Hα)α∈G there exists a family of
linear forms on Hα, called G-integral (see [16]). The aim of this article
is to establish a correspondence between the G-integral for the finite
type unimodular pivotal Hopf G-coalgebra H and the modified trace
in the associated G-graded category H-mod. We introduce now these
two notions.
G-integral. Let H = ({Hα,mα, 1α},∆, ε, S) be a Hopf G-coalgebra
over a field k (see in Section 2). A right G-integral for the Hopf G-
coalgebra H is a family of k-linear forms µ = (µα : Hα → k)α∈G
satisfying
(1.1) (µα ⊗ IdHβ)∆α,β(x) = µαβ(x)1β for any x ∈ Hαβ.
Similarly, a left G-integral µlα ∈
∏
α∈GH
∗
α satisfies
(IdHα ⊗µlβ)∆α,β(x) = µlαβ(x)1α for any x ∈ Hαβ.
The linear form µ1 is an usual right integral for the Hopf algebra H1
(see e.g [14]). If H is a finite type Hopf G-coalgebra, i.e. a Hopf G-
coalgebra in which dim(Hα) < +∞ for any α ∈ G, the space of right
(resp. left) G-integral is known to be 1-dimensional (see e.g [16]).
A pivotal Hopf G-coalgebra is a pair (H, g), where the pivot is the
family g = (gα)α∈G ∈
∏
α∈GHα satisfying ∆α,β(gαβ) = gα ⊗ gβ for
any α, β ∈ G, ε(g1) = 1k, and Sα−1Sα(x) = gαxg−1α for any x ∈ Hα.
Note that g−1 = (Sα−1(gα−1))α∈G, i.e. g−1α = Sα−1(gα−1) (see e.g [16]).
In particular, g1 is a pivotal element for H1 and g1 is invertible with
g−11 = S1(g1), ε(g1) = 0 (see e.g [11]).
The symmetrised right G-integral on (H, g) associated with µ is the
family µ˜ = (µ˜α)α∈G ∈
∏
α∈GH
∗
α defined by
µ˜α(x) := µα(gαx) for any x ∈ Hα.
Similarly, a symmetrised left G-integral on (H, g) is
(1.2) µ˜lα(x) := µ
l
α(g
−1
α x) for any x ∈ Hα.
In the case (H, g) is unimodular, i.e. H1 is unimodular, we show that
the symmetrised G-integrals are symmetric linear forms on H and they
are non-degenerate (see Proposition 2.6).
Modified trace. Let C be a pivotal k-linear category [13]. Let Proj(C)
be the tensor ideal of projective objects of C. A modified trace on ideal
Proj(C) is a family of k-linear forms t = {tP : EndC(P )→ k}P∈Proj(C)
satisfying the cyclicity property and the partial trace property (see in
Section 3.2).
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Main results. Let (H, g) = ({Hα,mα, 1α},∆, ε, S, g) be a finite type
unimodular pivotal Hopf G-coalgebra. If t is a right (resp. left) modi-
fied trace on H-pmod, it defines a family of linear forms λt = (λtα)α∈G ∈∏
α∈GH
∗
α by λ
t
α(h) = tHα(Rh) for h ∈ Hα, Hα is a projective object of
H-mod and Rh is the right multiplication of Hα.
Theorem 1.1. The application t 7→ λt defined above gives a bijection
between the space of right (resp. left) modified traces and the space of
symmetrised right (resp. left) G-integrals.
Furthermore, (H, g) is G-unibalanced if and only if the right modified
trace is also left.
The paper contains five section. In section 2 we recall some definition
and results for a Hopf G-coalgebra, we also define a pivotal Hopf G-
coalgebra, a symmetrised G-integral for a pivotal Hopf G-coalgebra
H and prove that the symmetrised G-integrals are symmetric non-
degenerate forms on H. Section 3 recall some results about modified
traces and the proof of Reduction Lemma in the context of G-graded
categories. In section 4 we present the decomposition of tensor product
Hα ⊗Hβ and the proof of the main theorem. In section 5 we give an
application of the main theorem in the case associated to a quantization
of the Lie algebra sl(2).
Acknowledgments. I would like to thank B. Patureau-Mirand, my
thesis advisor, who helped me with this work, and who gave me the
motivation to study mathematics. The author would also like to thank
the professors and friends in the laboratory LMBA of the Universite´ de
Bretagne Sud and the Centre Henri Lebesgue ANR-11-LABX-0020-01
for creating an attractive mathematical environment.
2. Pivotal Hopf G-coalgebra
In this section, we recall some facts about Hopf G-coalgebra. For
details see [15, 16]. We then define a pivotal Hopf G-coalgebra, a
symmetrised G-integral and give some of its properties.
2.1. Pivotal Hopf G-coalgebra.
2.1.1. Hopf G-coalgebra.
Definition 2.1. Let G be a multiplicative group. A G-coalgebra over
a field k is a family C = {Cα}α∈G of k-spaces endowed with a family
∆ = {∆α,β : Cαβ → Cα ⊗ Cβ}α,β∈G of k-linear maps (the coproduct)
and a k-linear map ε : C1 → k (the counit) such that
• ∆ is coassociative, i.e. for any α, β, γ ∈ G,
(∆α,β ⊗ IdCγ )∆αβ,γ = (IdCα ⊗∆β,γ)∆α,βγ,
• for all α ∈ G, (IdCα ⊗ε)∆α,1 = IdCα = (ε⊗ IdCα)∆1,α.
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.
Figure 1. The structural maps
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αβ αβ
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α β α β
.
Figure 2. The coassociativity and algebra homomor-
phism ∆α,β
A Hopf G-coalgebra is a G-coalgebra H = ({Hα}α∈G,∆, ε) endowed
with a family S = {Sα : Hα → Hα−1}α∈G of k-linear maps (the an-
tipode) such that
• each Hα is an algebra with product mα and unit element 1α ∈
Hα,
• ε : H1 → k and ∆α,β : Hαβ → Hα⊗Hβ are algebra homomor-
phisms for all α, β ∈ G,
• for any α ∈ G
mα(Sα−1 ⊗ IdHα)∆α−1,α = ε1α = mα(IdHα ⊗Sα−1)∆α,α−1 .
The antipode automatically satisfies additional property:
Lemma 2.2. Given a Hopf G-coalgebra H = ({Hα}α∈G,∆, ε, S), then
(1) Sα(xy) = Sα(y)Sα(x) for any x, y ∈ Hα,
(2) Sα(1α) = 1α−1,
(3) ∆β−1,α−1Sαβ = τ(Sα ⊗ Sβ)∆α,β where τ : Hα−1 ⊗ Hβ−1 →
Hβ−1⊗Hα−1 is the flip switching the two factors of Hα−1×Hβ−1,
(4) εS1 = ε.
2.1.2. Graphical axioms for Hopf G-coalgebras. We will use the dia-
grams for the structural maps and the identities corresponding to the
Hopf G-coalgebra H = (Hα)α∈G. For simplicity we write α instead of
Hα in the diagrams. Figure 1 presents the structural maps of the Hopf
G-coalgebra which are the product, coproduct, unity, counity and the
antipode, respectively. Note that these maps are in the category Vectk
of finite dimensional vector spaces over a field k.
The identity of the coassociativity and the algebra homomorphism
∆α,β are defined as in Figure 2. The antipode properties are shown
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Figure 3. The antipode properties
α
α
α
=
α
α
=
α
α
α
,
α
α
=
α
α
=
α
α
,
=
α−1
α α
,
1
=
1
.
Figure 4. The unit and counity
in Figure 3. Finally, the compatibility between the antipode and the
unity, counity are illustrated in Figure 4.
Example 2.3. Let H be a possibly infinite dimensional pivotal Hopf al-
gebra with the pivot φ. Suppose there is a commutative Hopf subalgebra
C contained in the center of H (for example H can be the unrestrited
quantum group in [3]; an other example will be detailed in Section 6).
Let G = HomAlg(C, k) be the group of characters on C with multiplica-
tion given by gh = (g⊗h)◦∆ for g, h ∈ G and g−1 = g◦S|C. For g ∈ G
we define Hg = H ⊗g:C→k k = H/Ig where Ig is the ideal generated by
elements z − g(z) for z ∈ C. Assume g = g1g2 for g1, g2 ∈ G, then
∆(z − g(z)) = ∆(z)− (g1 ⊗ g2)(∆(z))
= z(1) ⊗ z(2) − g1(z(1))⊗ g2(z(2))
=
(
z(1) − g1(z(1))
)⊗ z(2) + g1(z(1))⊗ (z(2) − g2(z(2)))
where we used the Sweedler’s notation ∆(z) = z(1) ⊗ z(2). This implies
that ∆(Ig) ⊂ Ig1 ⊗ H + H ⊗ Ig2. We thus have that a well defined
coproduct ∆g1,g2 given by the commutative diagram below
H
∆ - H ⊗H
Hg1g2
pg1g2
? ∆g1,g2- Hg1 ⊗Hg2
pg1 ⊗ pg2
?
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where pg : H → Hg is the projective morphism. The family {Hg}g∈G
with coproduct ∆g,h is a G-coalgebra. It is also a Hopf G-coalgebra with
the family of antipode given by the commutative diagram
H
S - H
Hg
pg
? Sg- Hg−1 .
pg−1
?
The family Sg for g ∈ G is well defined since S(z−g(z)) = S(z)−g(z) =
S(z)− g−1(S(z)) ∈ Ig−1.
We say a Hopf G-coalgebra H is of finite type if Hα is finite dimen-
sional over k for all α ∈ G.
2.1.3. Pivotal structure. We recall that a G-grouplike element of a Hopf
G-coalgebra H is a family g = (gα)α∈G ∈
∏
αHα such that ∆α,β(gαβ) =
gα ⊗ gβ for any α, β ∈ G and ε(g1) = 1k. Note that g1 is a grouplike
element of the Hopf algebra H1. It follows [16] that the set of the
G-grouplike elements of H is a group and if g = (gα)α∈G, then g−1 =
(Sα−1(gα−1))α∈G.
Definition 2.4. A G-grouplike element g ∈ H is called a pivot if
Sα−1Sα(x) = gαxg
−1
α for all x ∈ Hα. The pair (H, g) of a Hopf G-
coalgebra H and a pivot g is called a pivotal Hopf G-coalgebra.
Remark that for a pivotal HopfG-coalgebraH = ({Hα}α∈G,∆, ε, S, g),
H1 is a pivotal Hopf algebra.
Example 2.5. Let H be a Hopf G-coalgebra as in Example 2.3. Let
φg be the image of φ in the quotient Hg. Then H is a pivotal Hopf
G-coalgebra.
2.2. Symmetrised right and left G-integrals. LetH = ({Hα}α∈G,∆, ε, S)
be a finite type pivotal Hopf G-coalgebra with right G-integral µ.
The symmetrised right G-integral associated with µ is a family µ˜ =
(µ˜α)α∈G ∈
∏
α∈GH
∗
α defined by µ˜α(x) := µα(gαx) for any x ∈ Hα.
Using the definition of the right G-integral, see Equation (1.1) and
replacing x ∈ Hαβ by gαβx we get:
(2.1) (µ˜α ⊗ gβ)∆α,β(x) = µ˜αβ(x)1β.
Similarly, the symmetrised leftG-integral is defined by µ˜lα(x) := µ
l
α(g
−1
α x)
for any x ∈ Hα. Applying (1.2) for g−1αβx, x ∈ Hαβ we get the defining
relation for the symmetrised left G-integral:
(2.2) (g−1α ⊗ µ˜lβ)∆α,β(x) = µ˜lαβ(x)1α.
The graphical representation for Equality (2.1) is given in Figure 5.
The graphical representation of the relation for the left symmetrised
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µ˜α
αβ
gβ
β
=
µ˜αβ
αβ
β
.
Figure 5. The graphical representation of the relation
for the right symmetrised G-integral
G-integral is similar.
Since the pivot is invertible Equation (2.1) for µ˜ is equivalent to
Equation (1.1) for µ. As the space of rightG-integrals is one-dimensional,
relation (2.1) defines µ˜ uniquely (up to a scalar). Similarly the sym-
metrised left G-integral µ˜l defined by (2.2) is unique. Note also that
the symmetrised G-integral for H1 is the one in the sense of [1].
A Hopf G-coalgebra H is unimodular if the Hopf algebra H1 is uni-
modular, this means that the spaces of left and right cointegrals for H1
coincide.
We say that a family of linear forms ϕα ∈ H∗α for α ∈ G is symmetric
non-degenerate if for any α ∈ G the associated bilinear forms (x, y) 7→
ϕα(xy), x, y ∈ Hα is.
Proposition 2.6. Assure (H, g) is unimodular, then the symmetrised
right (resp. left) G-integral for (H, g) is symmetric and non-degenerate.
Proof. For any α ∈ G, x, y ∈ Hα, by [16, Lemma 7.1] we have
µ˜α(xy) = µα(gαxy) = µα(Sα−1Sα(y)gαx) = µα(gαyx) = µ˜α(yx)
and by [16, Corollary 3.7] H∗α is free left module rank one over Hα with
basis {µα} when the action is defined by
(h ⇀ µα)(x) := µα(xh) for h, x ∈ Hα.
If µ˜α(xy) = µα(gαyx) = (gαy ⇀ µα)(x) = 0 for all x ∈ Hα, then
gαy ⇀ µα = 0. It follows thus y = 0.
For the symmetrised left G-integral the proof is similar. 
Also note that the spaces of left and right G-integrals are not equal
in general. We have a lemma.
Lemma 2.7. The left G-integral for H can be chosen as µlα(x) =
µα−1(Sα(x)) for any x ∈ Hα.
Proof. By (1.1) we have
(µα−1⊗IdHβ−1 )∆α−1,β−1(Sβα(x)) = µ(βα)−1(Sβα(x))1β−1 for any x ∈ Hβα.
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Using Lemma 2.2 (3) ∆α−1,β−1(Sβα(x)) = (Sα ⊗ Sβ)∆opβ,α(x) we get
(µα−1◦Sα⊗Sβ)∆opβ,α(x) = (Sβ⊗µα−1◦Sα)∆β,α(x) = µ(βα)−1(Sβα(x))1β−1 .
Applying S−1β to both sides of the last equality and S
−1
β (1β−1) = 1β,
we obtain that (IdHβ ⊗µα−1 ◦ Sα)∆β,α(x) = (µ(βα)−1 ◦ Sβα)(x)1β, i.e.
µα−1 ◦ Sα satisfies the definition of the left G-integral. 
2.3. G-unibalanced Hopf algebras. Let H = ({Hα}α∈G,∆, ε, S) be
a finite type Hopf G-coalgebra with right G-integral µ. We call a
distinguished G-grouplike of H (see e.g [16]) or G-comodulus of H a
G-grouplike element a = (aα)α∈G ∈
∏
α∈GHα satisfying
(2.3) (IdHα ⊗µβ)∆α,β(x) = µαβ(x)aα for any x ∈ Hαβ.
Note that a1 is the comodulus element of the Hopf algebra H1 (see [1]).
By multiplying (2.3) with a−1 and replacing x by aαβx we have
(2.4) (IdHα ⊗µβ(aβ?))∆α,β(x) = µαβ(aαβx)1α
where denote by µβ(aβ?) the linear map x 7→ µβ(aβx) for x ∈ Hβ. This
equality implies that µβ(aβ?) is a left G-integral for H, i.e.
(2.5) µlβ(x) = µβ(aβx).
This is another choice for left G-integral from right G-integral. This
choice of the left G-integral is the same with the one in Lemma 2.7 by
following proposition.
Proposition 2.8. We have the relation µα−1(Sα(x)) = µα(aαx) for
any x ∈ Hα.
Proof. By (2.4) we get
(IdHα ⊗µ1(a1?)) ∆α,1(x) = µα(aαx)1α for x ∈ Hα.
By Lemma 2.7 we get
(IdHα ⊗µ1 ◦ S1) ∆α,1(x) = (µα−1 ◦ Sα)(x)1α for x ∈ Hα.
Furthermore, Proposition 4.7 [1] gives µ1(S1(x)) = µ1(a1x) for x ∈ H1.
This implies that µα(aαx)1α = (µα−1 ◦ Sα)(x)1α for all x ∈ Hα, i.e.
µα−1(Sα(x)) = µα(aαx) for any x ∈ Hα. 
A finite type pivotal Hopf G-coalgebra (H, g) is called G-unibalanced
if its symmetrised right G-integral is also left, i.e. µ˜α = µ˜
l
α for any
α ∈ G.
Lemma 2.9. Assume (H, g) is an unimodular pivotal Hopf G-coalgebra.
Then (H, g) is G-unibalanced if and only if aα = g
2
α for any α ∈ G.
Proof. First, we assume that aα = g
2
α. Applying (2.3) on gαβx we have
(g−1α ⊗ µ˜β)∆α,β(x) = µ˜αβ(x)1α.
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This equality states that µ˜β is a symmetrised left G-integral, i.e. µ˜β =
µ˜lβ. Second, we assume that (H, g) is G-unibalanced. By applying the
equality (2.5) on g−1α x and the G-unibalanced condition one gets
µlα(g
−1
α x) = µ˜
l
α(x) = µ˜α(x) = µα(gαx) = µα(aαg
−1
α x)
for any x ∈ Hα. The last equality gives
µα
(
(aαg
−1
α − gα)x
)
= 0 for any x ∈ Hα.
By Proposition 2.6, µα is non-degenerate. Therefore, the above equality
holds if and only if aα = g
2
α. 
3. Traces on finite G-graded categories
In this section we recall some notions and results from [1]. Let (H, g)
be a finite type unimodular pivotal Hopf G-coalgebra. We determine
the pivotal structure in pivotal G-graded category H-mod. We also
prove the Reduction Lemma in the context of G-graded categories and
recall the close relation between a modified trace on H1-pmod and a
symmetrised integral for H1 [1].
3.1. Cyclic traces. Let C be a k-linear category. We call cyclic trace
on C a family of k-linear maps
(3.1) t = {tP : EndC(P )→ k}P∈C
satisfying cyclicity property, i.e. tV (gh) = tU(hg) for g ∈ HomC(U, V )
and h ∈ HomC(V, U) with U, V ∈ C. We say that a cyclic trace t is
non-degenerate if the pairings
(3.2) HomC(M,P )× HomC(P,M)→ k, (f, g) 7→ tP (fg)
are non-degenerate for all P,M ∈ C.
For a finite dimensional algebra A, let A-pmod be the category of
projective A-modules. There is a bijection from the space of cyclic
traces on A-pmod to the space of symmetric linear forms on A:
Lemma 3.1. There is an isomorphism of algebras
R : Aop → EndA(A)
given by
R(h) = Rh, R
−1(f) = f(1)
where Rh denotes the right multiplication with h, i.e. Rh(x) = xh for
any x ∈ A.
Lemma 3.1 implies that if t is a cyclic trace on A-pmod then
(3.3) λ(h) = tA(Rh)
defines a symmetric linear form on A.
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Proposition 3.2. [1, Proposition 2.4] A symmetric linear form λ on
a finite dimensional algebra A extends uniquely to a family of cyclic
traces {tP : EndA(P )→ k}P∈A-pmod which satisfies Equality (3.3).
If f ∈ EndA(P ), one can find ai ∈ Hom(A,P ), bi ∈ Hom(P,A) i ∈ I
for some finite set I such that f =
∑
i∈I aibi (see [1]). Then the cyclicity
property of t implies that
(3.4) tP (f) =
∑
i∈I
tA(biai) =
∑
i∈I
λ (biai(1)) .
Furthermore, the non-degeneracy of the form linear λ is equivalent
to the one of the pairings (3.2) determined by (tP )P∈A-pmod in (3.4) (see
[1], Theorem 2.6 where a stronger non-degeneracy condition for traces
is considered).
3.2. Modified trace in pivotal category. Let C be a pivotal k-linear
category [13]. Then C is a strict monoidal k-linear category, with a unit
object I, equipped with the data for each object V ∈ C of its dual object
V ∗ ∈ C and of four morphisms
−→
evV : V
∗ ⊗ V → I, −→coevV : I→ V ⊗ V ∗,
←−
evV : V ⊗ V ∗ → I, ←−coevV : I→ V ∗ ⊗ V
such that (
−→
evV ,
−→
coevV ) and (
←−
evV ,
←−
coevV ) are dualities which induce the
same functor duality which is monoidal. In the category C there is a
family of isomorphisms
Φ = {ΦV = (←−evV ⊗ IdV ∗∗)(IdV ⊗ −→coevV ∗) : V → V ∗∗}V ∈C
which is a monoidal natural isomorphism called the pivotal structure.
We recall the notion of a modified trace on ideal in a pivotal category C
which be introduced in [7, 8]. Given U, V,W ∈ C and f ∈ EndC(W⊗V ).
The left partial trace (with respect to W ) is the map
trlW : HomC(W ⊗ U,W ⊗ V )→ HomC(U, V )
defined for f ∈ HomC(W ⊗ U,W ⊗ V ) by
trlW (f) = (
−→
evW ⊗ IdV )(IdW ∗ ⊗f)( ←−coevW ⊗ IdV ) = f
V
W
U
∈ HomC(U, V ).
The right partial trace (with respect to W ) is the map
trrW : HomC(U ⊗W,V ⊗W )→ HomC(U, V )
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defined for f ∈ HomC(U ⊗W,V ⊗W ) by
(3.5)
trrW (f) = (IdV ⊗
←−
evW )(f⊗IdW ∗)(IdU ⊗ −→coevW ) = f
W
V
U
∈ HomC(U, V ).
Let Proj(C) be the tensor ideal of projective objects of C. A left
modified trace on Proj(C) is a cyclic trace t on Proj(C) satisfying
tW⊗P (f) = tP (trlW (f))
for any f ∈ EndC(W ⊗ P ) with P ∈ Proj(C) and W ∈ C.
A right modified trace on Proj(C) is a cyclic trace t on Proj(C)
satisfying
tP⊗W (f) = tP (trrW (f))
for any f ∈ EndC(P ⊗W ) with P ∈ Proj(C) and W ∈ C.
A modified trace on ideal Proj(C) is a cyclic trace t on Proj(C) which
is both a left and right trace on Proj(C).
Next we define the category of H-mod which is a pivotal G-graded
category.
3.3. Pivotal structure on H-mod.
3.3.1. G-graded category. Given a multiplicative group G, we call the
category C pivotal G-graded k-linear if there exists a family of full
subcategories (Cα)α∈G of C such that
• I ∈ C1.
• ∀(α, β) ∈ G2, ∀(V,W ) ∈ Cα×Cβ, HomC(V,W ) 6= {0} ⇒ α = β.
• ∀V ∈ C, ∃n ∈ N, ∃(α1, ..., αn) ∈ Gn, ∃Vi ∈ Cαi for i = 1, ..., n
such that V ' V1 ⊕ ...⊕ Vn.
• ∀(V,W ) ∈ Cα × Cβ, V ⊗W ∈ Cαβ.
• ∀α ∈ G, Cα does not reduce to null object.
3.3.2. Pivotal structure on H-mod. Let (H, g) = ({Hα}α∈G,∆, ε, S, g)
be a finite type pivotal Hopf G-coalgebra, let C be the k-linear category⊕
α∈G Cα in which Cα is Hα-mod the category of finite dimensional Hα-
modules. An object V of C is a finite direct sum Vα1 ⊕ ...⊕ Vαn where
Vαi ∈ Cαi . Each object V in Hα-mod has a dual V ∗ = Homk(V, k)
in Hα−1-mod with the Hα−1 action defined by (hf)(x) = f(Sα−1(h)x)
for h ∈ Hα−1 , f ∈ V ∗ and x ∈ V . The category C is a G-graded
tensor category, i.e. for Vα ∈ Cα, Vβ ∈ Cβ Vα ⊗ Vβ ∈ Cαβ and for
α 6= β HomC(Vα, Vβ) = 0.
Then C is a pivotal category with pivotal structure given by the left
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and right duality morphisms as follows. Assume that {vj | j ∈ J} is a
basis of V ∈ Hα-mod and {vj | j ∈ J} is the dual basis of V ∗, then
−→
evV : V
∗ ⊗ V → k, f ⊗ v 7→ f(v),(3.6)
−→
coevV : k→ V ⊗ V ∗, 1 7→
∑
j∈J
vj ⊗ vj,
←−
evV : V ⊗ V ∗ → k, v ⊗ f 7→ f(gαv),(3.7)
←−
coevV : k→ V ∗ ⊗ V, 1 7→
∑
i∈J
vi ⊗ g−1α vi.
We call H-pmod or Proj(C) the ideal of projective H-modules. As
C = ⊕α∈G Cα, the projective modules of Cα are in H-pmod ∩ Cα =
Hα-pmod.
Lemma 3.3. Let (H, g) be a finite type pivotal Hopf G-coalgebra. Let
t be a cyclic trace on H-pmod. Let V ∈ H-pmod and εW ∈ H1-mod be
endowed with the trivial action ρεW = ε IdεW . Then
(3.8) ∀f ∈ EndH-mod(V ⊗ εW ), tV⊗ εW (f) = tV (trrεW (f))
and
(3.9) ∀f ∈ EndH-mod(εW ⊗ V ), tεW⊗V (f) = tV (trlεW (f)).
Proof. Consider a decomposition of IdεW
(3.10)
IdεW =
∑
i∈I
eiϕi where ϕi : εW → k, ei : k→ εW, ϕi(ej) = δij.
By setting e˜i = IdV ⊗ei : V → V ⊗ εW and ϕ˜i = IdV ⊗ϕi : V ⊗ εW →
V one gets
(3.11) IdV⊗ εW =
∑
i∈I
e˜iϕ˜i.
For f ∈ EndH-mod(V ⊗ εW ), on the one hand we have
tV⊗ εW (f) =
∑
i∈I
tV⊗ εW (f e˜iϕ˜i) =
∑
i∈I
tV (ϕ˜if e˜i) =
∑
i∈I
tV (fii)
where fii = ϕ˜if e˜i ∈ EndH-mod(V ). In the above calculations, we use
Equation (3.11) in the first equality and the cyclicity property in the
second equality.
On the other hand, each map f ∈ EndH-mod(V ⊗ εW ) is presented by
MODIFIED TRACE FROM PIVOTAL HOPF G-COALGEBRA 13
graph below
f
V
V εW
εW
=
∑
i,j∈I
f
ei
ϕi
ϕj
ej
=
∑
i,j∈I
f
ϕi
ej
ei
ϕj
=
∑
i,j∈I
fij ⊗ (eiϕj) IdεW
where fij = ϕ˜if e˜j ∈ EndH-mod(V ). From this graphical representation
implies
tV (tr
r
εW (f)) =
∑
i,j∈I
tV


f
ϕi
ej
ei
ϕj
V εW
=
∑
i∈I
tV (fii).
Therefore Equality (3.8) holds.
Remark that the pivotal element acts trivially on εW so the evaluation←−
ev εW in H-mod is just the usual evaluation of Vectk.
For Equality (3.9) the proof is similar. 
3.3.3. Reduction Lemma. We have a graded version of Reduction Lemma
[1, Lemma 3.2]
Lemma 3.4. Let (H, g) be a finite type unimodular pivotal Hopf G-
coalgebra and λ = (λα)α∈G ∈
∏
α∈GH
∗
α be a family of symmetric linear
forms and t = (tα)α∈G be the associated cyclic traces. Then t is a right
modified trace on H-pmod if and only if for all α, β ∈ G and for all
f ∈ EndHαβ(Hα ⊗Hβ)
(3.12) tαβHα⊗Hβ(f) = t
α
Hα(tr
r
Hβ
(f)).
Similarly, t is a left modified trace on H-pmod if and only if for all
f ∈ EndHαβ(Hα ⊗Hβ)
tαβHα⊗Hβ(f) = t
β
Hβ
(trlHα(f)).
Proof. The proof strictly follows the line of Reduction Lemma 3.2 [1].
The necessity is obvious. We now prove the sufficiency of the condition.
By Proposition 3.2 for each α ∈ G the symmetric linear form λα induces
the cyclic trace {tαP : EndHα(P ) → k}P∈Hα-pmod. We then prove that
the cyclic trace tα satisfies the right partial trace property.
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First, let P ∈ Hα-pmod, P ′ ∈ Hβ-pmod and f ∈ EndHαβ(P ⊗ P ′).
Suppose that IdP and IdP ′ have the decomposition
(3.13) IdP =
∑
ai ◦ bi, IdP ′ =
∑
ai′ ◦ bi′
where ai : Hα → P, bi : P → Hα and ai′ : Hβ → P ′, bi′ : P ′ → Hβ.
The modified trace of f is calculated as follows:
tαβP⊗P ′(f) = t
αβ
P⊗P ′

fai
bi
a
i
′
b
i
′
= tαβHα⊗Hβ

f
ai ai′
bi bi′
(3.14)
= tαHα

f
ai ai′
bi bi′
= tαP

f
= tαP (tr
r
P ′(f)) .
In this calculation, one uses (3.13) in the first equality, in the second
equality one uses the cyclicity property of cyclic traces, the third equal-
ity thanks to (3.12) and finally one uses the duality morphisms to move
bi′ around the loop then applying again (3.13) and the cyclicity prop-
erty.
Second, let P ∈ Hα-pmod, V ∈ Hβ-mod and f ∈ EndHαβ(P ⊗ V ).
Set Q = P ⊗ V , note that Q ∈ Hαβ-pmod and P ⊗ P ∗, Q ⊗ Q∗ ∈
H1-pmod. Consider two morphisms A ∈ HomH1-mod(P ⊗ P ∗, Q ⊗ Q∗)
and B ∈ HomH1-mod(Q⊗Q∗, P ⊗ P ∗) are given by
A =
P P
Q Q
, B =
P P
Q Q
f
Id
Id
V .
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According to (3.14) one gets
t1P⊗P ∗(B ◦ A) = tαP (trrP ∗(B ◦ A))
= tαP


f
Id
Id
VQ
P
P
= tαP

f
P
P
V
= tαP (tr
r
V (f)) .
In above calculation, one applies the definition of the partial trace in
second equality, in the third equality one uses the properties of the
pivotal structure. Similarly we also have
t1Q⊗Q∗(A ◦B) = tαβQ
(
trrQ∗(A ◦B)
)
= tαβQ


f
Id
Id
V
Q
Q
P
= tαβQ

f
Q
Q
= tαβP⊗V (f).
Since the cyclicity property t1P⊗P ∗(B ◦ A) = t1Q⊗Q∗(A ◦ B), it follows
that tαβP⊗V (f) = t
α
P (tr
r
V (f)).
The proof in the case of the left modified trace is similar. 
3.4. Applications of Theorem 1.1. Theorem 1.1 has two immediate
consequences when G = {1} or H is semi-simple. First, in degree 1
the symmetrised G-integral is also the symmetrised integral of H1 and
Theorem 1.1 recovers the main theorem of [1] that we recall here:
Theorem 3.5 ([1]). Let (H, g) be a finite dimensional unimodular piv-
otal Hopf algebra over a field k. Then the space of right (left) modified
traces on H-pmod is equal to the space of symmetrised right (left) in-
tegrals, and hence is 1-dimensional. Moreover, the right modified trace
on H-pmod is non-degenerate and determined by the cyclicity property
and by
tH(f) = µ(gf(1)) for any f ∈ EndH(H) .
Similarly, the left modified trace is non degenerate and determined by
tH(f) = µ
l(g−1f(1)) for any f ∈ EndH(H) .
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In particular, H is unibalanced if and only if the right modified trace is
also left.
Second, for a finite type unimodular pivotal Hopf G-coalgebra (H, g),
if H is semi-simple, i.e. Hα is semi-simple for all α ∈ G then H-pmod =
C. Then the categorical trace generates the space of modified traces on
H-pmod: for any f ∈ EndC(V ), the right and left categorical trace are
trCV (f) :=
←−
evV (f ⊗ IdV ) −→coevV∈ k,
C trV (f) :=
−→
evV (IdV ∗ ⊗f) ←−coevV∈ k.
As a corollary of Theorem 1.1 we then have the proposition.
Proposition 3.6. Let (H, g) be a finite type unimodular pivotal Hopf
G-coalgebra over a field k. The right categorical trace trCHα and its left
version C trHα are non-zero if and only if Hα-mod is semi-simple and
in this case coincide up to a scalar with the trace maps
f 7→ µ˜α(f(1α)) and f 7→ µ˜lα(f(1α))
respectively, where f ∈ EndHα(Hα).
4. Proof of the main theorem
4.1. Decomposition of tensor products of the regular repre-
sentations. We denote by Hα the left Hα-module given by the left
regular action. Let us denote by εHβ the vector space underlying Hβ
equipped with the H1-module structure given by
h.m = ε(h)m for m ∈ εHβ, h ∈ H1.
We will use Sweedler’s notation: ∆α,β(h) = h(1)⊗h(2) for h ∈ Hαβ, h(1) ∈
Hα, h(2) ∈ Hβ.
Theorem 4.1. Let H = (Hα)α∈G be a finite type Hopf G-coalgebra.
Then
(1) the map
φα,β : Hαβ ⊗ εHβ → Hα ⊗Hβ
h⊗m 7→ h(1) ⊗ h(2)m
is an isomorphism of Hαβ-modules whose inverse is
ψα,β : Hα ⊗Hβ → Hαβ ⊗ εHβ
x⊗ y 7→ x(1) ⊗ Sβ−1(x(2))y.
(2) the map
φlα,β : εHα ⊗Hαβ → Hα ⊗Hβ
m⊗ h 7→ h(1)m⊗ h(2)
is an isomorphism of Hαβ-modules whose inverse is
ψlα,β : Hα ⊗Hβ → εHα ⊗Hαβ
x⊗ y 7→ S−1α−1(y(1))x⊗ y(2).
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φα,β
αβ
α β
εβ
=
αβ
α β
εβ
, ψα,β
α
αβ εβ
β
=
α
αβ εβ
β
Figure 6. The graphical representations of φα,β and ψα,β
We prove the theorem using graphical calculus with the graphical
representations for Hopf G-coalgebras given in Section 2.1.2. The maps
φα,β and ψα,β are presented in Figure 6. The graphical representations
for φlα,β and ψ
l
α,β are similar.
Proof. In order to prove part (1), we first check that φα,β is left inverse
to ψα,β, by computing the composition one gets
ψα,β ◦ φα,β =
αβ εβ
αβ εβ
α β
=
αβ εβ
αβ εβ
α β
=
αβ εβ
αβ εβ
αβ 1
=
αβ εβ
αβ εβ
1
= IdHαβ⊗ εHβ
where the associativity of the product mβ is used in the first equality,
then we use the coassociativity of the coproduct in the second equality,
and finally we use the antipode properties in the last equality. Similarly
we have φα,β ◦ ψα,β = IdHα⊗Hβ .
Next we prove the map φα,β is Hαβ-linear by diagrammic calculus:
φα,β
αβ αβ εβ
α β
=
αβ αβ εβ
α β
=
αβ αβ εβ
α β
=
αβ αβ εβ
φα,β
α β
where we used the property of the algebra homomorphism ∆α,β in
the second equality and the associativity of multiplication in the third
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equality. The map ψα,β is also Hαβ-linear by:
ψα,β
αβ α β
αβ εβ
=
αβ α β
αβ εβ
=
αβ α β
αβ εβ
=
αβ α β
αβ εβ
=
αβ α β
αβ εβ
ψα,β
where we used the property of the algebra homomorphism ∆α,β in the
first equality, the coassociativity of coproduct and the antipode proper-
ties are used in the second equality, the associativity of multiplication
and the antipode properties are used in the third equality, and we used
the antipode properties in the last equality.
The proof of the part (2) is similar way. 
Proposition 4.2. Let H = (Hα)α∈G be a finite type pivotal Hopf G-
coalgebra. Then we have the equalities of linear maps:
(1) φα,β(1αβ ⊗m) = 1α ⊗m for m ∈ εHβ,
(2) (µ˜αβ ⊗ Id′β) ◦ ψα,β = µ˜α ⊗ gβ Id′β where Id′β : Hβ → εHβ is the
identity map in Vectk.
Proof. The equality (1) holds by the definition of the map φα,β. Part
(2) follows from the diagrammic calculus in Vectk:
(4.1) ψα,β
µ˜αβ
α β
εβ
= µ˜αβ = µ˜α
g−1
β−1
=
µ˜α
gβ
where in the second equality of (4.1) we used the relation of the right
symmetrised G-integral in Figure 5. 
4.2. Proof of Theorem 1.1. Let (H, g) be a finite type unimodular
pivotal Hopf G-coalgebra, C be the pivotal G-graded category of H-
modules. The existence of modified trace on Proj(C) follows from: 1)
the existence of non-zero integral on H1 2) the existence of modified
trace in C1 by applying the results of [1] for H1 and 3) the existence of
the extension of ambidextrous trace in [8, Theorem 3.6]. Nevertheless
we choose to give a direct proof of this fact following the lines of [1].
Furthermore, Theorem 1.1 also gives an explicit formula to compute
the modified trace t from the integral and conversely.
Proof of Theorem 1.1. First, we show that a right symmetrisedG-integral
provides a modified trace. Suppose that µ˜ = (µ˜α)α∈G is the right
symmetrised G-integral for H. By Proposition 3.2 the family of the
symmetric forms associated with µ˜ induces the family of cyclic traces
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t = (tα)α∈G of H-pmod. Here tα = {tαP : EndHα(P ) → k}P∈Hα-pmod is
determined by
(4.2) tαHα(f) = µ˜α(f(1α)) for f ∈ EndHα(Hα).
To show t is a modified trace, it is enough to check
(4.3) tαβHα⊗Hβ(f) = t
α
Hα(tr
r
Hβ
(f)) for any f ∈ EndHαβ(Hα ⊗Hβ)
thanks to Reduction Lemma 3.4. The value of tαβHα⊗Hβ(f) in Equality
(4.3) is calculated
tαβHα⊗Hβ

f
α
α
β
β
= tαβHα⊗Hβ


φα,β
ψα,β
f
α
α
β
β
= tαβHαβ⊗ εHβ

φα,β
ψα,β
f
αβ
αβ
εβ
εβ
= tαβHαβ

φα,β
ψα,β
f
αβ
αβ
εβ
=
φα,β
ψα,β
f
µ˜αβ
αβ
εβ
= f
µ˜α
α
gβ
εβ
= tαHα(tr
r
Hβ
(f)) .
In the above calculation, we use Theorem 4.1 in the first equality; the
cyclicity property of trace in the second equality; Lemma 3.3 in the
third equality; Equation (4.2) in the fourth equality and in the fifth
equality we use the two equalities in Proposition 4.2.
Second, assume that we have a right modified trace, and hence the
symmetric form tαP on EndHα(P ) for any projective module P and any
α ∈ G. In particular for any α, β ∈ G the symmetric forms tαHα on
EndHα(Hα) and t
αβ
Hα⊗Hβ on EndHαβ(Hα ⊗Hβ) satisfy
(4.4) tαβHα⊗Hβ(f) = t
α
Hα(tr
r
Hβ
(f)) for any f ∈ EndHαβ(Hα ⊗Hβ).
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Rh
ϕ
εβαβ
α β
Figure 7. The graphical representation of the map k
Let ν˜α(h) = t
α
Hα
(Rh) for Rh ∈ EndHα(Hα) with h ∈ Hα. Then
ν˜α(f(1α)) = t
α
Hα
(f) for f ∈ EndHα(Hα) (see Lemma 3.1). We prove
that the family ν˜ = (ν˜α)α∈G satisfies the relation of the right sym-
metrised G-integral.
Consider the maps k = ∆α,β ◦ (Rh ⊗ ϕ) : Hαβ ⊗ εHβ → Hα ⊗ Hβ
for h ∈ Hαβ and ϕ ∈ εH∗β. Then k is a morphism of Hαβ-modules.
The graphical representation of the map k is given in Figure 7. Let
f˜ = k ◦ ψα,β : Hα ⊗Hβ → Hα ⊗Hβ then f˜ ∈ EndHαβ(Hα ⊗Hβ). We
now calculate the values of the modified trace for f˜ ∈ EndHαβ(Hα⊗Hβ)
and trrHβ(f˜) ∈ EndHα(Hα).
Firstly, we have
tαβHα⊗Hβ(f˜) = t
αβ
Hα⊗Hβ(k ◦ ψα,β) = tαβHαβ⊗ εHβ(ψα,β ◦ k)
= tαβHαβ⊗ εHβ

Rh
αβ εβ
ϕ
αβ εβ
= tαβHαβ⊗ εHβ

Rh ϕ
= tαβHαβ⊗ εHβ

Rh ϕ = t
αβ
Hαβ⊗ εHβ

Rh ϕ
= tαβHαβ

Rh ϕ = ν˜αβ(h)ϕ(1β).
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In the above calculations, we use the cyclicity property in the second
equality; the coassociativity of the coproduct in the fourth equality; the
antipode properties in the fifth equality and finally we use the partial
trace property.
Secondly, we have
tαHα(tr
r
Hβ
(f˜)) = tαHα(tr
r
Hβ
(k ◦ ψα,β))
= tαHα


Rh
ϕ
α β
α
gβ
=
Rh
ϕ
ν˜α
gβ
α
=
ν˜α
gβ
ϕ
αβ
Rh
= ν˜α(h(1))ϕ(gβh(2))
where we use the left evaluation
←−
ev with the pivot gβ and the right
coevaluation
−→
coev in the second equality and ∆α,β(h) = h(1) ⊗ h(2).
By Equality (4.4) one has tαβHα⊗Hβ(f˜) = t
α
Hα
(trrHβ(f˜)). This equality
means that
ν˜αβ(h)ϕ(1β) = ν˜α(h(1))ϕ(gβh(2)) for any ϕ ∈ εH∗β, h ∈ Hαβ.
This equality holds for any ϕ ∈ εH∗β implies that ν˜αβ(h)1β = ν˜α(h(1))gβh(2),
i.e. (ν˜α⊗gβ)∆α,β(h) = ν˜αβ(h)1β for any h ∈ Hαβ. Therefore the family
ν˜ = (ν˜α)α∈G is the right symmetrised G-integral for H.
For the case of the left modified trace the proof is similar. 
5. Modified trace for the G-graded quantum sl(2)
In this section we present the symmetrised G-integral for the quan-
tization of sl(2) and the modified trace on ideal of projective modules
of category of the weight modules over U qsl(2). It explains clearly
the relation between the symmetrised G-integral for a pivotal Hopf G-
coalgebra and the modified trace in associated category U qsl(2)-mod.
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5.1. Unrestricted quantum U qsl(2). Let Uqsl(2) be the C-algebra
given by generators E,F,K,K−1 and relations:
KK−1 = K−1K = 1, KEK−1 = q2E, KFK−1 = q−2F, [E,F ] =
K −K−1
q − q−1
where q = e
ipi
r is a 2rth-root of unity. The algebra Uqsl(2) is a Hopf
algebra where the coproduct, counit and antipode are defined by
∆(E) = 1⊗ E + E ⊗K, ε(E) = 0, S(E) = −EK−1,
∆(F ) = K−1 ⊗ F + F ⊗ 1, ε(F ) = 0, S(F ) = −KF,
∆(K) = K ⊗K ε(K) = 1, S(K) = K−1.
Let U := U qsl(2) be the algebra Uqsl(2) modulo the relations Er =
F r = 0 and C = C[K±r] be the commutative Hopf subalgebra in
the center of U qsl(2). The algebra U is a pivotal Hopf algebra with
the pivot g = K1−r. Let G = (C/2Z,+) ∼−→ HomAlg(C,C), α 7→(
Kr 7→ qrα := e ipiαr
)
and let Uα be the algebra U qsl(2) modulo the re-
lations Kr = qrα for α ∈ G. By applying Example 2.3 it follows that
U = {Uα}α∈G is the Hopf G-coalgebra with the coproduct and the
antipode are determined by the commutative diagrams:
U ∆ - U ⊗ U
Uα+β
pα+β
? ∆α,β- Uα ⊗ Uβ
pα ⊗ pβ
?
U S - U
Uα
pα
? Sα - U−α
p−α
?
where pα : U → Uα is the projective morphism from U to Uα. The
Hopf G-coalgebra U = {Uα}α∈G has the pivotal structure given by
gα = q
−rαK.
For α = 0 the Hopf algebra U0 is called the restricted quantum sl(2),
i.e. the algebra Uqsl(2) modulo the relations Er = F r = 0 and Kr = 1.
The right 0-integral is the usual right integral given by
µ0(E
mF nK l) = ηδm,r−1δn,r−1δl,1
where η is a constant (see e.g [1]). By definition of right G-integral
(1.1) we get
µα(E
mF nK l) = qrαηδm,r−1δn,r−1δl,1.
One can show that the Hopf G-coalgebra {Uα}α∈G is G-unibalanced.
The symmetrised right G-integral for {Uα}α∈G is determined by
(5.1) µ˜α(E
mF nK l) = ηδm,r−1δn,r−1δl,0.
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5.2. Modified trace. The category C = U -mod is equal to the G-
graded category of finite dimensional weight modules over U qsl(2) (mod-
ule in which K has a diagonalizable action). For α ∈ C let Vα be a
r-dimensional highest weight module of highest weight α + r − 1 in C
(see [5]). Recall the modified dimension d(Vα) of Vα for α ∈ (C\Z)∪rZ
was computed:
(5.2) d(Vα) = tVα(IdVα) = d0
r−1∏
k=1
{k}
{α + r − k} = d0
r{α}
{rα}
where t is the modified trace on ideal Proj(C) of projective modules
and d0 is a non-zero complex number. In [5] for the analogous unrolled
category, it is normalized by d0 = (−1)r−1. We now present the way
to compute the modified dimension of Vα using the symmetrised G-
integral.
By density theorem we have the isomorphism of algebras
Uα ∼−→
⊕
k∈Hr
End(Vα+2k)
where Hr = {−(r− 1),−(r− 3), ..., r− 1}. Hence we have the isomor-
phism of left Uα-modules:
Uα ∼−→
⊕
k∈Hr
End(Vα+2k)
∼−→
⊕
k∈Hr
Vα+2k ⊗ εV ∗α+2k .
Consider the quantum Casimir element of U defined by
Ω = FE +
Kq +K−1q−1
{1}2 = EF +
Kq−1 +K−1q
{1}2 .
For k ∈ N, by induction one gets
(5.3)
k−1∏
i=0
(
Ω− q
−2i−1K + q2i+1K−1
{1}2
)
= EkF k.
Lemma 5.1. For k ∈ N then
Ωk − EkF k ∈ SpanC{EjF jKi | j < k, i ∈ Z}.
Proof. The proof is by induction on k. Indeed, by (5.3) Ωk − EkF k ∈
SpanC{ΩjKi | j < k, i ∈ Z} which by the induction hypothesis is
contained in SpanC{EjF jKi | j < k, i ∈ Z}. 
Following (5.1) we have the corollary.
Corollary 5.2. For all k ∈ {0, ..., r − 2} we have µ˜α
(
Ωk
)
= 0. For
k = r − 1 then µ˜α (Ωr−1) = η.
Proof. It follows from (5.1) that SpanC{EjF jKi | j < k, i ∈ Z} is
contained in the kernel of µ˜α for k ∈ {0, ..., r − 2}. 
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For α ∈ C \ Z, Ω acts on Vα by the scalar wα which is calculated as
follows: Let v be a highest weight vector of Vα. The action of K on
v defined by Kv = qα+r−1v. This implies that Ωv = q
α+r+q−α−r
{1}2 v, i.e.
wα =
qα+r+q−α−r
{1}2 . The elements wα+2k, 0 ≤ k < r − 1 are distinct as
wα+2i − wα+2j = {i−j}{α+r+i+j}{1}2 6= 0 for i 6= j.
We consider in Uα the element
Lα(Ω) =
∏r−1
k=1(Ω− wα+2k)∏r−1
k=1(wα − wα+2k)
.
This element is the projector on Vα ⊗ εV ∗α '
⊕r
k=1 Vα as Lα(wα+2k) =
δ0,k. The value of symmetrised right G-integral on Lα(Ω) is
µ˜α (Lα(Ω)) =
1∏r−1
k=1(wα − wα+2k)
µ˜α
(
r−1∏
k=1
(Ω− wα+2k)
)
.
Corollary 5.2 implies that
µ˜α
(
r−1∏
k=1
(Ω− wα+2k)
)
= µ˜α
(
Ωr−1
)
= η.
The equality
∏r−1
k=1(wα − wα+2k) = (−1)r−1
∏r−1
k=1
{k}{α+k}
{1}2 gives
µ˜α (Lα(Ω)) = (−1)r−1η
r−1∏
k=1
{1}2
{k}{α + k}
= η
r−1∏
k=1
{1}2
{k}2 (−1)
r−1
r−1∏
k=1
{k}
{α + r − k} =
{1}2r−2η
r3d0
rd(Vα)
where we used the identity
∏r−1
k=1{k}2 = (−1)r−1r2 in the last equality.
It is clear that the coefficient {1}
2r−2η
r3d0
does not depend on α. This
proves that µ˜α (Lα(Ω)) = rd(Vα) with the choice d0 =
{1}2r−2η
r3
where
η = µ˜α (E
r−1F r−1).
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